Abstract The system of three 4 He atoms with realistic interactions is studied in the momentum-space framework. It is demonstrated that short and long-range difficulties encountered in the coordinatespace calculations can be reliably resolved in the momentum-space calculations. Well-converged and accurate results are obtained for the ground and excited trimer energies, atom-dimer scattering length, phase shifts, inelasticity parameters, and elastic and breakup cross sections. A significant correction to previously published results is found for the elastic cross section at very low energy.
have been invented and used in coordinate- [8] and momentum-space calculations [9] ; despite their simplicity such models are quite reliable for the study of Efimov physics.
Given the success of momentum-space three-nucleon scattering calculations [10; 11] , one may raise the question whether the above difficulties in the description of atomic 4 He systems with realistic potentials can be resolved in the framework of momentum-space integral equations for the transition operators. Therefore the goal of the present work is to study the 4 He trimer and three-atom scattering processes employing the momentum-space methods. Since the 4 He triatomic system has already been investigated using several coordinate-space methods [1; 2; 3; 4; 5] , in this work I will concentrate on demonstrating the reliability of momentum-space calculations with realistic potentials and providing highly accurate benchmark results. The considered observables are the trimer binding energy, atom-dimer scattering length, phase shifts, inelasticity parameters, inclusive cross sections as well as differential cross section for the atom-dimer breakup; the latter is most difficult to obtain in the coordinate-space framework and, to the best of my knowledge, has not yet been calculated.
Among the variety of realistic atomic 4 He potentials, the one by Aziz and Slaman, called LM2M2 [7] , is probably most widely used and therefore is an optimal choice for a benchmark calculation; having van der Waals tail and very strong short-range repulsion its behaviour is characteristic for all realistic 4 He potentials. The fact that LM2M2 does not include the retardation correction which may be quite significant [4] is irrelevant for demonstrating the abilities of the method. As in most previous calculations the value of 4 He mass m given by the relationh 2 /m = 12.12 KÅ 2 is used. In Sec. 2 I describe the employed three-atom equations and the technical framework. In Sec. 3 I present results for the 4 He trimer and atom-dimer scattering. I summarize in Sec. 4.
Integral equations for three-atom bound state and scattering
In order to apply the momentum-space techniques to the three-body problem one has to formulate it in the integral representation. In this way the asymptotic boundary conditions are implicitly built into the form of equations but lead to kernels with integrable singularities. Considering the three 4 He atoms as identical bosons it is most convenient to use the symmetrized form of Faddeev equations in the Alt-Grassberger-Sandhas (AGS) version [12] ; formally they coincide with the ones employed for the fermionic three-nucleon system [10; 11] . The only difference is in the properties of the basis states, namely, they must be symmetric under the exchange of particles within pair (12) which is chosen as a representative pair. The potential v acting within this pair in the integral formulation is summed up into the respective two-particle transition matrix using the Lippmann-Schwinger equation
with G 0 = (E + i0 − H 0 ) −1 being the free Green's function of the three-particle system with energy E and kinetic energy operator H 0 . The required full symmetry of the three-boson system is ensured by the operator P = P 12 P 23 + P 13 P 23 where P ab is the permutation operator of particles a and b. With these definitions the Faddeev amplitude |ψ of the trimer wave function |B = (1 + P )|ψ is the solution of the homogeneous Faddeev equation
at E = −E t with E t ..being the binding energy. In the case of the atom-dimer scattering the AGS equations are formulated for three-particle transition operator
it contains the full information about the scattering process. The amplitude for the elastic scattering is obtained from the on-shell matrix element φq f |U |φq i where |φq j is the atom-dimer channel state given by the product of the dimer wave function |φ and plane wave with the relative atom-dimer momentum q j . The latter is related to the available energy E as E = −e d + q 2 j /2µ with e d being the dimer binding energy and µ = 2m/3 the reduced mass. The breakup amplitudes pq|U 0 |φq i , with p and q being the Jacobi momenta of three free particles in the final state, are obtained as on-shell matrix elements of the breakup operator
The above equations are solved in the momentum-space partial-wave basis |pq(Ll)JM where p and q are magnitudes of the Jacobi momenta and L (l) is the orbital angular momentum for the relative motion within the pair (between the pair and spectator), coupled to the total angular momentum J with the projection M . The solution technique employs the same numerical methods as in the threenucleon scattering calculations, i.e., real-axis integration with subtraction and special weights, spline interpolation, and Padé summation. Further details can be found in Refs. [11; 13] . However, prior to solving Eqs. (1-3) one has to transform the coordinate space potential V (r) to the momentum-space partial wave representation
where j L (x) is the spherical Bessel function of the order L. Given the two difficulties encountered in the coordinate-space calculations, the essential questions for the momentum-space calculations are: (i) To what extent the hard core region is important and causes difficulties; (ii) At what distances the van der Waals tail becomes irrelevant. In the latter case, given the fact that the integral form of scattering equations implicitly incorporates the asymptotic boundary conditions, one may expect significant reduction in the distance r max up to which the r-space integration needs to be performed. In order to answer these questions I introduce a modified potential
where the step function Θ(x) equals 1 if x > 0 and 0 otherwise. The parameter κ is chosen as κ = V ′ (r min )/V (r min ) thereby ensuring the continuity of the derivative V ′ (r) and the smoothness of the modified potential at r = r min . Note that in the limit r min → 0, r max → ∞ one has p ′ L|v|pL = p ′ L|V |pL . The r-integration in Eq. (6) is performed numerically using the standard Gaussian quadrature. As the integral is one-dimensional, one may easily include several thousands or even more grid points and obtain very accurate results for p ′ L|v|pL . These matrix elements via Eqs.
(1-4) are used to calculate various three-atom observables whose dependence on the parameters r min and r max is then investigated. The findings are presented in the next section.
Results
I start by demonstrating the convergence of obtained results with r min and r max . The example observables are the dimer binding energy e d , the trimer ground and excited state binding energies E t and E t * , the atom-dimer scattering length a 0 , and phase shifts δ l and inelasticity parameters η l of the atom-dimer scattering at the kinetic center-of-mass (c.m.) energy E k = 40 mK. The relation between these scattering parameters and partial-wave on-shell elements φq i l|U |φq i l of the transition operator is given by
The results are converged with respect to the number of grid points for the Jacobi momenta p and q, taking about 80 to 100 points for each momentum, and with respect to the number of partial waves, including states with L ≤ 12. In the latter case the observed convergence pattern for E t , E t * , and a 0 is in full agreement with the coordinate-space Faddeev results of Ref. [3] . To achieve the given accuracy for δ l and η l it is sufficient to include the states with L ≤ 10. By inspecting the Table 1 one may conclude that, within the given accuracy, the results become independent of r min for r min ≤ 1.7Å and independent of r max for r max ≥ 75Å. For comparison, to get a 0 with a comparable precision when solving coordinate-space equations, the integration up to distances well above 1000Å was needed [1; 2; 3] . Thus, the integral formulation of the scattering problem with implicitly imposed boundary conditions allows indeed for a significant reduction in the maximal interparticle distance. The converged values agree well with the most accurate ones provided Regarding the atom-dimer scattering at finite energies, the available results are scarce and lack consistency. For example, the S-wave (l = 0) phase shifts δ 0 show some disagreements between Refs. [1; 2; 4]. δ 0 values below breakup threshold are tabulated in Ref. [2] , however, it appears that Ref. [2] uses a nonstandard convention which makes the comparison ambiguous. Indeed, while the standard relation between a 0 and δ 0 reads lim qi→0 tan δ 0 /q i = −a 0 , an inspection of δ 0 results from Ref. [2] reveals the relation lim qi→0 4/3 tan δ 0 /q i = −a 0 . This may also explain why δ 0 values from Ref. [2] are higher than those of Ref. [1] . To sort these discrepancies I present in Table 3 highly accurate momentum-space results for atom-dimer phase shifts δ l and inelasticity parameters η l up to l = 5. A broad range of kinetic energies in the c.m. system is considered, ranging from 0.1 mK to 40 mK which is well above the breakup threshold of 1.3035 mK.
In addition, elastic cross section and breakup rate results, albeit with a different potential, are given in Ref. [4] . However, the elastic cross section σ e in Ref. [4] shows a very strange energy dependence in partial waves with l > 0: at E k = 0.001 mK the partial cross sections σ e (l) are large but decrease with increasing energy in contrast to the standard near-threshold behaviour, and, furthermore, σ e (l) show the trend to increase with increasing l such that one can even question the partial-wave convergence. Such a strange behaviour is absent in the momentum-space results displayed in Fig. 1 . Below 0.1 mK the elastic cross section is almost constant and strongly dominated by the l = 0 state, whereas very small l > 0 contributions increase with increasing energy and decrease with increasing l. This is not unexpected given the energy evolution of phase shifts δ l in Table 3 that show a similar trend. One might suspect that larger distances in Eq. (6) become more important at very low energies. To verify the convergence of the results I performed additional calculations with r max up to 4000Å, but found no changes to the results of Fig. 1 Table 3 Atom-dimer phase shifts δ l (in degrees) and inelasticity parameters η l as functions of the kinetic energy E k (in mK) in the c.m. system. shifts δ l and partial cross sections σ e (l) follow the standard near-threshold behaviour δ l ∼ q 2l+1 i and σ e (l) ∼ E 2l k only for low l. Regarding the total breakup cross section σ b , there is a good qualitative agreement between the present momentum-space results displayed in Fig. 2 and those of Ref. [4] extracted from the breakup rate σ b q i /µ. Above E k = 3 mK in both cases σ b is dominated by initial states l = 2 and 3 whereas l = 0 contribution is lower by an order of magnitude. Furthermore, the latter exhibits a local minimum around E k = 4 mK seen in Fig. 2 as well as in Ref. [4] .
The rate for the time reversed reaction, the three-atom recombination, is simply proportional to σ b with a kinematic factor [16] and therefore is not shown separately. These observables, owing to their inclusive character, can be obtained even without explicit calculation of breakup or recombination operator U 0 but just using the optical theorem for U . Exclusive or semi-inclusive observables are more difficult to calculate, and the transition operator momentum-space framework may be the most appropriate method for such calculations, much like in the three-nucleon physics [10; 13; 17] . To demonstrate its abilities I present in Fig. 3 the angular distribution of the semi-inclusive differential cross section dσ b /dΩ and in Fig. 4 the fully exclusive fivefold differential cross section d 5 σ b /dΩ 1 dΩ 2 dS, where Ω j is the solid angle of the j-th atom, given by polar and azimuthal angles (Θ j , ϕ j ), and S is the distance along the kinematical curve, routinely employed in three-nucleon physics [10; 13] . The energy E k = 5 mK is chosen such that the ratio E k /e d is nearly the same as for the nucleon lab energy of 13 MeV in the nucleon-deuteron breakup where numerous calculations exist [10; 13; 17] .
Since higher three-body partial waves contribute to breakup and the final phase space is of higher dimension, the breakup differential cross section dσ b /dΩ exhibits a more complicated angular dependence in the breakup as compared to the elastic one dσ e /dΩ that is also shown in Fig. 3 The fully exclusive fivefold differential cross section d 5 σ b /dΩ 1 dΩ 2 dS is shown in Fig. 4 for three special kinematical configurations (Θ 1 , Θ 2 , ϕ 2 − ϕ 1 ) = (50.6
• , 50.6
• , 120.0 • ), (38.9
• , 38.9
• , 180.0 • ), and (56.1
, that are called the space star, quasi free scattering (QFS), and collinear configuration, respectively [10; 17] . It is quite interesting to compare these results with the ones for the nucleon-deuteron breakup at 13 MeV in the corresponding configurations as given in Ref. [17] . Although there are some similarities, e.g., the existence of the QFS peak and of the local minimum at the collinear point (around S = 5 mK in both cases), there are also significant differences, namely, (i) the reduction (for QFS and collinear) or absence (for space star) of other peaks with large cross section, and (ii) the presence of local minima with very small d 5 σ b /dΩ 1 dΩ 2 dS for S < 2.5 mK and S max − S < 2.5 mK. Possible explanations for these differences are following: In the case (i) the two-nucleon 1 S 0 virtual state is responsible, at least partially, for the differential cross section peaks observed in the nucleon-deuteron breakup; there is no similar state in the 4 He atomic system. In the case (ii) the d 5 σ b /dΩ 1 dΩ 2 dS may get modulated by the nodes in the momentum-space representation of the 4 He dimer wave function that are more numerous than for the deuteron. 
Summary
I performed bound state and scattering calculations in the system of three 4 He atoms using realistic two-atom potential. Exact integral equations for the Faddeev amplitude and transition operators were solved in the momentum-space partial-wave framework. I demonstrated that two technical complications present in the coordinate-space calculations, i.e., the hard core and the need for a very extended grid, create no major difficulties in the momentum-space calculations, and well-converged results are obtained. Predictions for the ground and excited trimer energies and the atom-dimer scattering length agree well with the most accurate coordinate-space results obtained by other authors. I also presented high-precision benchmark results for the atom-dimer phase shifts, inelasticity parameters, and elastic and breakup cross sections over a broad energy range. An important finding in the case of low-energy elastic scattering is that the unusual energy and angular momentum dependence of partial cross sections σ e (l) predicted in Ref. [4] is not confirmed; instead, a strong dominance of the l = 0 wave is found in the present work while l ≥ 1 contributions become practically negligible for energies below 0.1 mK. Despite this disagreement, the results for the total breakup cross section in both calculations are consistent. The semi-inclusive and fully exclusive breakup differential cross sections are calculated for the first time and compared with those in the nucleon-deuteron breakup. It is conjectured that 4 He dimer wave function nodes may be related to the minima of the fivefold differential cross section.
